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a b s t r a c t
In this paper we discuss acute triangulations of trapezoids. It is known that every rectangle
can be triangulated into eight acute triangles, and that this is best possible. In this paper
we prove that all other trapezoids can be triangulated into at most seven acute triangles.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
By a triangulation of a (planar) polygon, we mean a finite set of triangles covering the polygon in such a way that any
two distinct triangles are either disjoint, or intersect in a single common vertex or edge. An acute (non-obtuse) triangulation
of a polygon is a triangulation whose triangles have all their angles less (not larger) than pi2 . The number of triangles in a
triangulation is called the size.
Historically, the investigation of acute triangulations has one of its origins in a problem proposed by Goldberg in 1960
in the American Mathematical Monthly (E1406) [5], which is identical to a problem of Stover reported in the same year by
Gardner in his Mathematical Games section of the Scientific American (see [3,4]). The problem was to cut an obtuse triangle
into the least number of smaller triangles, all of them acute. In the same year, Burago and Zalgaller [1] and, independently,
Manheimer [12] proved that every obtuse triangle can be triangulated into seven acute triangles, and 7 is the minimum
number. In 1980, Cassidy and Lord [2] showed that every square can be triangulated into eight acute triangles, and 8 is
the minimum number. Hangan, Itoh and Zamfirescu [6] extended this result to any rectangle. Maehara [10] proved that
every quadrilateral can be triangulated into at most ten acute triangles, and 10 is best possible. Yuan investigated acute
triangulation of pentagons [13]. Maehara also discussed acute triangulations of other polygons [11], and a result of his was
improved by Yuan [14].
On the other hand, compact convex surfaces have also been triangulated. Acute triangulations of all Platonic surfaces,
which are the surfaces of the five well-known Platonic solids, were investigated in [6,8,9]. Besides the platonic surfaces,
other surfaces homeomorphic to the sphere have also been acutely triangulated, such as the doubly covered triangles [17],
the doubly covered quadrilaterals [15] and pentagons [13]. Furthermore, some other well-known surfaces have also been
considered, such as flat Möbius strips [16] and flat tori [7].
In this paper we are back to the study of acute triangulations of convex quadrilaterals. For the sake of convenience, for
a familyK of polygons and K ∈ K , let f (K) denote the minimum size of an acute triangulation of K , and let f (K) denote
the maximum value of f (K) for all K ∈ K . In this sense, for the familyQ of all quadrilaterals, f (Q) = 10. Since the example
used to show f (Q) ≥ 10 in [10] is a non-convex quadrilateral, Maehara proposed a problem, which is still open.
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Fig. 1. ABCD is a parallelogram.
Problem. Does f (Γ ) ≤ 8 hold for every convex quadrilateral Γ ?
As already mentioned, for the family R of all rectangles, f (R) = 8, and this size is required for each rectangle. In this
paper we investigate acute triangulations of trapezoids. A trapezoid is a quadrilateral with at least one pair of parallel sides.
Interestingly, we find that every trapezoid different from a rectangle admits an acute triangulation of size less than 8. More
exactly, f (D \R) = 7, whereD denotes the family of all trapezoids. This amounts to the following characterization of the
rectangles: they are the only trapezoids needing more than seven triangles for an acute triangulation. For the family P of
all parallelograms, f (P \R) = 4, as we shall easily see.
Let T be an acute triangulation of a polygon Γ . A vertex P of T is called:
– a corner vertex if P is a vertex of Γ ;
– a side vertex if P lies on the boundary of Γ but is not a corner vertex;
– an interior vertex otherwise.
We can regard T as a plane graph. Clearly, a side vertex has degree at least 4 and an interior vertex has degree at least 5.
For a line segment AB, let relint AB denote the relative interior of AB and lAB the line determined by AB.
2. Acute triangulations of parallelograms
Theorem 2.1. We have f (P \R) = 4.
Proof. For any P ∈ P \R, we may assume that P = ABCD with |AB| ≤ |BC | and 6 B < pi2 . Let E (resp. F ) be the orthogonal
projection of A (resp. C) on BC (resp. AD). Clearly, E ∈ relintBC , F ∈ relintAD. Thus ABCD is divided into four right triangles,
as shown in Fig. 1. Nowwe slightly slide E in direction
−→
BC and F in direction
−→
DA such that all the four triangles become acute.
That is to say, f (P \R) ≤ 4.
Now let P0 = ABCD be a parallelogram satisfying |AB| = 2, BC = 5 and 6 B = pi4 . We are going to prove f (P0) ≥ 4, which
implies that f (P \R) ≥ 4.
Let T be an acute triangulation of P0 with size n. If T contains at least one interior vertex, then clearly n ≥ 5. Now
suppose that T has no interior vertex but hasm side vertices. Since 6 BAC > pi2 , there is at least one side vertex lying on BC .
Similarly, since 6 ACD > pi2 , there is at least one side vertex lying on AD. That is to say, m ≥ 2. We now count the edges of
the triangulation T . Clearly, the vertices B, D have degree at least 2; the vertices A, C have degree at least 3; and each of the
m side vertices has degree at least 4. Thus, we obtain altogether at least 4m+ 10 edges, counted twice. Furthermore, if we
count the edges from the number n of triangles, then those edges which lie on the boundary of P0 will be counted once, the
other edges twice. So, 3n plus the number of boundary edges equals at least 4m+ 10. Since at most two triangles have two
boundary edges each, there are at most n + 2 boundary edges. Hence 3n + n + 2 ≥ 4m + 10 ≥ 18, from which it follows
that n ≥ 4.
Hence f (P \R) = 4. 
3. Acute triangulations of other trapezoids
Theorem 3.1. We have f (D \R) ≤ 7.
Proof. For any trapezoid T ∈ D \ R, if T ∈ P , then by Theorem 2.1 f (T ) ≤ 7. Now we may assume that T = ABCD is a
trapezoid with AD ‖ BC , |AD| < |BC | and 6 B < pi2 . Let E be the orthogonal projection of A on the line lBC .
Case 1. 6 C < pi2 .
Let F be the orthogonal projection of D on the line lBC . Clearly, E, F ∈ relintBC . Take a point H ∈ relintAD close to A such
that H lies outside the circle with diameter EF . Then the triangle HEF is an acute triangle. Thus the line segments AE, EH ,
HF and FD divide ABCD into five non-obtuse triangles, as shown in Fig. 2. Now we slightly slide E in direction
−→
BC and F in
direction
−→
CB such that the triangles ABE, AEH , HFD and DFC become acute.
Case 2. 6 C = pi2 .
Then E ∈ relintBC . For any point N ∈ AE, let M be the point on AB such that MN ⊥ AE. Choose N close to A, such that
N lies outside the circle with diameter CD and M lies outside the circle with diameter BE. Then the trapezoid ABCD admits
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Fig. 2. 6 C < pi2 .
Fig. 3. 6 C = pi2 .
Fig. 4. 6 C > pi2 , E ∈ relintBC .
Fig. 5. 6 C > pi2 , E 6∈ relintBC .
a non-obtuse triangulation with size 6, as shown in Fig. 3. Now we slightly slide N in direction
−→
AD and then we obtain an
acute triangulation of ABCDwith size 6.
Case 3. 6 C > pi2 .
Subcase 3.1. E ∈ relintBC .
Let F be the orthogonal projection of C on the line lAD; then F ∈ relintAD since E ∈ relintBC . Thus ABCD is triangulated
into four right triangles, as shown in Fig. 4.We slightly slide E in direction
−→
BC and F in direction
−→
DA; then all the four triangles
become acute.
Subcase 3.2. E 6∈ relintBC .
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,
Fig. 6. T has no interior vertex.
Fig. 7. T has exactly one interior vertex.
Then 6 ACB ≥ pi2 . Let M ∈ relint AB be the orthogonal projection of C on AB. Choose P ′ ∈ relintCD such that P ′A ⊥ AB.
Since |AD| < |BC |, we have 6 AP ′C > pi2 . For any P ∈ relintAP ′, let R, A′ denote the orthogonal projections of P , A on CD
respectively. Then R ∈ relint P ′A′. Furthermore, let S ∈ relintAD be such that SP⊥PR. Clearly, 6 APS < pi2 . Since 6 CAM < pi2
and 6 P ′AD < pi2 , we can choose P ∈ relintAP ′ close enough to A such that P lies outside the circlewith diameter CM and S lies
outside the circle with diameter P ′D, which implies that the triangles PMC and SRD are acute. Thus we obtain a non-obtuse
triangulation of ABCD with size 7, as shown in Fig. 5. Now firstly we replace R by a point on CD slightly closer than R to D
such that the triangles CRP and SPR become acute. Secondly we replace P by a point on lSP slightly farther than P from S such
that the triangle PAM becomes acute. Finally we slightly slideM in direction
−→
MA such that the triangle BMC becomes acute.
Hence we obtain an acute triangulation of the trapezoid T with size 7. 
Theorem 3.2. There exists a trapezoid T with f (T ) = 7.
Proof. Let T = ABCD be a trapezoid with A = (1, 6), B = (−20, 0), C = (0, 0) and D = (3, 6). By Theorem 3.1, f (T ) ≤ 7.
Now we are going to show that f (T ) ≥ 7.
Suppose that there is an acute triangulation T of T such that the size is less than 7. Clearly T has at most one interior
vertex.
Case 1. T has no interior vertex (see Fig. 6).
LetM be the orthogonal projection of C on the line lAB; clearlyM ∈ relintAB. LetN ∈ relintCD be such thatNA ⊥ AB. Since
6 BAD > pi2 and 6 ACB >
pi
2 , there must be an edge connecting Awith a side vertex A
′ ∈ relintCN . Similarly, since 6 BCD > pi2
and 6 CAD > pi2 , there must be an edge connecting C with a side vertex C
′ ∈ relintAM . Further, we have M = (− 8053 , 28053 ),
N = ( 1913 , 3813 ), and therefore |MN|2+|NC |2 < |MC |2, which implies that 6 MNC > pi2 . Thus, for any point X ∈ relintCA′∪{A′},
6 CXC ′ > pi2 , which contradicts the fact that T is an acute triangulation.
Case 2. T has exactly one interior vertex P .
Since A and C have degree at least 3, but AC is not an edge of T , the point P must be joined to A and C . Since |T | ≤ 6, P
has degree at least 5 and each side vertex has degree at least 4, the degree of P must be 5 and two of the other neighbours
of P different from A and C must be joined by an edge. Thus, T must be isomorphic to one of the triangulations in Fig. 7.
In the case of Fig. 7(a), 6 PAD < pi2 implies 6 CPD >
pi
2 ; in the case of Fig. 7(b), 6 BCP <
pi
2 implies 6 BPA >
pi
2 . Each time
we obtain a contradiction to the fact that T is an acute triangulation. 
Combining Theorems 3.1 and 3.2, we obtain the following corollary.
Corollary 3.3. We have f (D \R) = 7.
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